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a b s t r a c t
For a poset P = (X,≤P ), the strict-double-bound graph (strict DB-graph sDB(P)) is the graph
on X for which u is adjacent to v if and only if u ≠ v and there exist elements x, y ∈ X
distinct from u and v such that x ≤ u ≤ y and x ≤ v ≤ y. The strict-double-bound number
ζ (G) of a graph G is defined as min{l; sDB(P) ∼= G ∪ Kl for some poset P}.
We obtain strict-double-bound numbers of nearly complete graphsmissing one, two or
three edges. In particular,weprove that ζ (Kn−e) = 3, ζ (Kn−E(P3)) = 3, ζ (Kn−E(2K2)) =
4, ζ (Kn − E(K3)) = 4, ζ (Kn − E(P4)) = 4, ζ (Kn − E(K1,3)) = 3, ζ (Kn − E(P3 ∪ K2)) = 4
and ζ (K3 − E(3K2)) = 5.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
In this paper, we consider finite undirected simple graphs, and we deal with a graph which is obtained from a complete
graph by removing one, two, or three edges. We call it a nearly complete graph missing one, two, or three edges.
For a graph G,G is the complement of G. For a graph G and a subgraph H of G, the graph G− E(H) is the graph with the
vertex set V (G− E(H)) = V (G) and the edge set E(G− E(H)) = E(G)− E(H).
The union G ∪ I of two graphs G and I is the graph with the vertex set V (G ∪ I) = V (G) ∪ V (I) and the edge set
E(G ∪ I) = E(G) ∪ E(I). The graphmK2 consists ofm disjoint edges.
A clique in a graph G is the vertex set of a maximal complete subgraph of G. A family Q = {Q1,Q2, . . . ,Qn} is an edge
clique cover of G if each Qi is a clique of G, and for each uv ∈ E(G), there exists Qi ∈ Q such that u, v ∈ Qi.
We consider strict-double-bound graphs and strict-double-bound numbers. For a poset P = (X,≤), the strict-double-
bound graph (sDB-graph) of P is the graph sDB(P) on V (sDB(P)) = X for which u is adjacent to v if and only if u ≠ v and
there exist elements x, y ∈ X distinct from u and v such that x ≤ u ≤ y and x ≤ v ≤ y.We say that a graph G is an sDB-
graph if there exists a poset whose strict-double-bound graph is isomorphic to G. Note that maximal elements and minimal
elements of a poset P are isolated vertices of sDB(P).
The strict-double-bound number ζ (G) of a graph G is defined as min{l; sDB(P) ∼= G ∪ Kl for some poset P}. McMorris and
Zaslavsky [2] introduced the concept of strict-double-bound graphs. Scott [4] obtained the following result.
Theorem 1 (Scott [4]). For a connected graph G, and a minimal edge clique cover Q of G,

2
√|Q|

≤ ζ (G) ≤ |Q| + 1. 
By this theorem, ζ (Kn) = 2 for n ≥ 2. Ogawa et al. [3] and Konishi et al. [1] give strict-double-bound numbers of some
graphs, that is, ζ (K1,n) =

2
√
n

, ζ (Pn) =

2
√
n− 1

, ζ (Cn) =

2
√
n

and ζ (Wn) =

2
√
n− 1

. Ogawa et al. [3] also
give an upper bound of strict-double-bound numbers of trees. These results deal with sparse graphs.
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Fig. 1. Poset P and sDB(P) ∼= C4 ∪ K4 .
In this paper we deal with the strict-double-bound number of nearly complete graphs. We use the following result.
The join G + I of two graphs G and I is the graph with the vertex set V (G + I) = V (G) ∪ V (I) and the edge set
E(G+ I) = E(G) ∪ E(I) ∪ {uv; u ∈ V (G), v ∈ V (I)}.
Theorem 2 (Konishi et al. [1]). For a graph G with p ≥ 2 vertices and no isolated vertices, ζ (Kn + G) = ζ (G). 
2. Nearly complete graphs missing one or two edges
First we consider the case of a nearly complete graph missing one edge. Denote by Kn− e the graph obtained by deleting
an edge e from a complete graph Kn.
Proposition 3. ζ (Kn − e) = 3, where n ≥ 3.
Proof. The graph Kn − e is covered by two cliques and connected because n ≥ 3. By Theorem 1, ζ (Kn − e) = 3. 
Next we consider a nearly complete graph missing two edges. Then we have two cases, that is, Kn − E(P3) and Kn − E(2K2).
Proposition 4. ζ (Kn − E(P3)) = 3, where n ≥ 4.
Proof. Since n ≥ 4, Kn − E(P3) = Kn−4 + (K4 − E(P3)). The graph K4 − E(P3) is covered by two cliques and connected. By
Theorem 1, ζ (K4 − E(P3)) = 3. So ζ (Kn − E(P3)) = 3 by Theorem 2. 
Proposition 5. ζ (Kn − E(2K2)) = 4, where n ≥ 4.
Proof. Since n ≥ 4, Kn − E(2K2) = Kn−4 + C4. The graph C4 is covered by four cliques and connected. By Theorem 1,
4 ≤ ζ (C4) ≤ 5. There exists a poset P such that sDB(P) ∼= C4 ∪ K4 (see Fig. 1). Thus ζ (C4) = 4 and ζ (Kn − E(2K2)) =
ζ (Kn−4 + C4) = ζ (C4) = 4 by Theorem 2. 
3. Nearly complete graphs missing three edges
In this section, we deal with a nearly complete graph missing three edges. We have five cases, that is, Kn − E(K3), Kn −
E(P4), Kn − E(K1,3), Kn − E(P3 ∪ K2) and Kn − E(3K2).
Proposition 6. ζ (Kn − E(K3)) = 4, where n ≥ 4.
Proof. Since n ≥ 4, Kn − E(K3) = Kn−4 + (K4 − E(K3)). The graph K4 − E(K3) = K1,3 is covered by three cliques and
connected. By Theorem 1, ζ (K4 − E(K3)) = 4. So ζ (Kn − E(K3)) = 4 by Theorem 2. 
Proposition 7. ζ (Kn − E(P4)) = 4, where n ≥ 4.
Proof. Since n ≥ 4, Kn − E(P4) = Kn−4 + P4. The graph P4 is covered by three cliques and connected. By Theorem 1,
ζ (P4) = 4. So ζ (Kn − E(P4)) = 4 by Theorem 2. 
Proposition 8. ζ (Kn − E(K1,3)) = 3, where n ≥ 5.
Proof. Since n ≥ 5, Kn − E(K1,3) = Kn−5 + (K5 − E(K1,3)). The graph K5 − E(K1,3) is covered by two cliques and connected
(see Fig. 2). By Theorem 1, ζ (K5 − E(K1,3)) = 3. So ζ (Kn − E(K1,3)) = 3 by Theorem 2. 
Proposition 9. ζ (Kn − E(P3 ∪ K2)) = 4, where n ≥ 5.
Proof. Let F be P3 ∪ K2. Since n ≥ 5, Kn − E(P3 ∪ K2) = Kn−5 + F . The graph F is covered by four cliques and connected
(see Fig. 3). By Theorem 1, 4 ≤ ζ (F) ≤ 5. There exists a poset P such that sDB(P) ∼= F ∪ K4 (see Fig. 4). Thus ζ (F) = 4. So
ζ (Kn − E(P3 ∪ K2)) = 4 by Theorem 2. 
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Fig. 2. K5 − E(K1,3).
Fig. 3. F = P3 ∪ K2 .
Fig. 4. A poset on the graph F .
Fig. 5. K6 − E(3K2) = O3 .
For a poset P, let Max(P) denote the set of all maximal elements of P and let Min(P) denote the set of all minimal elements
of P .
Proposition 10. ζ (Kn − E(3K2)) = 5, where n ≥ 6. 
Proof. Since n ≥ 6, Kn − E(3K2) = Kn−6 + (K6 − E(3K2)). Then K6 − E(3K2) is connected and ζ (Kn − E(3K2)) =
ζ (Kn−6 + (K6 − E(3K2))) = ζ (K6 − E(3K2)) by Theorem 2. Let V (K6) = {u, v, w, x, y, z} and the removed edges
from K6 be ux, vy, and wz. Let K6 − E(3K2) be denoted by O3 (see Fig. 5). Then O3 is covered by four cliques, that is,
{u, v, w}, {w, x, y}, {u, y, z} and {v, x, z}. This is a uniqueminimal edge clique cover ofO3 up to isomorphism. By Theorem 1,
4 ≤ ζ (O3) ≤ 5.
If there exists a poset P such that sDB(P) = O3 ∪ K4, then |Max(P) ∪Min(P)| ≤ 4. Since O3 is covered by four cliques,
and each clique of O3 needs a pair of a maximal element and a minimal element of P , |Max(P)| = 2 and |Min(P)| = 2.
Let Max(P) = {α1, α2} and Min(P) = {β1, β2}. Then each pair of a maximal element and a minimal element of P covers a
different clique of O3. Each αi covers two cliques of G and each βi covers two cliques of G.
There exist a clique (Q1) covered by β1 and α1, and a clique (Q2) covered by β2 and α1. Since any two cliques of a minimal
edge clique cover of O3 have exact one common vertex, α1 covers five vertices of O3. And β1 and β2 are covered by three
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vertices of those five vertices. Since |Qi| = 3 (i = 1, 2), only one vertex γ0 of those five vertices is covered by both β1 and
β2.
Next we consider a third clique Q3. Now Q3 has a common vertex γi with Qi other than γ0 for i = 1, 2. Then γ1 and γ2
need a common lower bound, this contradicts the fact that |Min(P)| = 2.
Therefore ζ (O3) = 5. 
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